Abstract-Most genetic algorithm (GA) users adjust the main parameters of the design of a GA (crossover and mutation probability, population size, number of generations, crossover, mutation, and selection operators) manually. Nevertheless, when GA applications are being developed it is very important to know which parameters have the greatest influence on the behavior and performance of a GA. The purpose of this study was to analyze the dynamics of GAs when confronted with modifications to the principal parameters that define them, taking into account the two main characteristics of GAs; their capacity for exploration and exploitation. Therefore, the dynamics of GAs have been analyzed from two viewpoints. The first is to study the best solution found by the system, i.e., to observe its capacity to obtain a local or global optimum. The second viewpoint is the diversity within the population of GAs; to examine this, the average fitness was calculated. The relevancy and relative importance of the parameters involved in GA design are investigated by using a powerful statistical tool, the ANalysis Of the VAriance (ANOVA).
I. INTRODUCTION
The motivation of the present statistical study lies in the great variety of alternatives that a designer has to take into account when designing a genetic algorithm (GA). This decision is usually taken in terms of the most common values or experimental formulas given in the literature, or by means of trial and error [5] , [8] . Nevertheless, it is very important to know which parameters involved in the design of a GA have the greatest influence on its behavior and performance [3] , [11] . When analyzing the influence of each of these parameters, the designer should pay most attention to the one presenting the values that are statistically most significant. Thus, it should be possible to avoid the necessity for a detailed analysis of different configurations that might, in fact, lead to the design of various GAs with very similar behavior patterns. Although GAs have been applied to a wide range of difficult problems in numerous areas of science and engineering, there does not exist much theoretical or experimental analysis of the influence of the operators and the parameters (including interactions) involved in their design [4] , [6] . Consequently, the goal of this correspondence is to obtain a better insight into which are the most relevant factors in GA design, in order to establish the elemental operations whose alternatives should be carefully studied when a real application is developed.
To do this, an appropriate statistical tool has been used: the multifactorial analysis of the variance [7] , which consists of a set of statistical techniques that allow the analysis and comparison of experiments, by describing the interactions and interrelations between either the quantitative or qualitative variables (called factors in this context) of the system. In order to perform this analysis, the most relevant variables in the design of a GA have been taken as the main factors. Thus, population size, selection, crossover and mutation operators, the number of generations, and the crossover and mutation probabilities have been considered.
II. APPLICATION OF ANOVA IN THE DESIGN OF A GENETIC ALGORITHM
The ANalysis Of the VAriance (ANOVA) is one of the most widely used statistical techniques. The theory and methodology of ANOVA was developed mainly by R. A. Fisher during the 1920s [2] . ANOVA belies its name in that it is not concerned with analyzing variances but rather with analyzing the variation in means. ANOVA examines the effects of one, two, or more quantitative or qualitative variables (termed factors) on one quantitative response. ANOVA is useful in a range of disciplines when it is suspected that one or more factors affect a response. ANOVA is essentially a method of analyzing the variance to which a response is subject into its various components, corresponding to the sources of variation which can be identified [7] . Suppose the easy case that the number of factors affecting the outcome of the experiment is 2. We denote by X i; j (i = 1; . . . n1; j = 1; . . . ; n2) the value observed when the first factor is at the ith level and the second at the jth level. It is assumed that the two factors do not act independently and therefore that there exists an interaction between them. In this case, the observations fit the following equation:
where is the fixed effect that is common to all the populations; i is the effect associated with the ith level of the first factor; and " i; j; k is the effect associated with the jth level of the second factor. The term () i; j denotes the joint effect of the presence of level i of the first factor and level j of the second one; this, therefore, is denominated the interaction term. The term " i; j; k is the influence on the result of everything that could not be assigned or of random factors. The null hypothesis is proposed that each term of the above equation is independent of the levels involved; i.e., on the one hand we have the two equality hypotheses for the levels of each factor H01: 1 = 1 1 1 = i = 1 1 1 = n1 H02: 1 = 1 1 1 = j = 1 1 1 = n2 (2) and on the other hand, the hypothesis associated with interaction, which can be expressed in an abbreviated way as H03: ()ij = 0; 8 i; j:
The hypothesis of the equality of several means arises when a number of different treatments or levels of the main factors are to be compared. Frequently, one is interested in studying the effects of more than one factor, or the effects of one factor when certain other conditions of the experiment vary, which then play the role of additional factors.
With ANOVA, we test a null hypothesis that all of the population means are equal against an alternative hypothesis that there is at least one mean that is not equal to the others. We find the sample mean and variance for each level of the main factor. Using these values, we obtain two different estimates of the population variance. The first one is by using a weighted average of the sample variances. This variance is called the variance within the means. Therefore, ANOVA allows us to determine whether a change in the measure of a given variable is caused by a change in the level of a factor or is just originated by a random effect. In this way, it allows us to distinguish between the components which cause the variations appearing in a set of statistical data and to determine whether the discrepancies between the means of the factors are greater than would reasonably be expected according to the variations within these factors.
The two estimates of the population variance are then compared using the F -ratio test statistic. Calculating the sum of the squares of the observations extended to the levels of all the factors (S T ) and the sum of squares within each level (SR), and dividing ST and SR by the appropriate number of degrees of freedom (D:F ), obtaining s T and s R , respectively, the F -ratio is computed as s T =s R . This calculated value of the F -ratio for each factor is then compared to a critical value of F of Snedecor with the appropriate degrees of freedom to determine whether we should reject the null hypothesis. When there is no treatment effect, the ratio should be close to 1. If a level of a main effect has a significant influence on the output variable (observed variable, in our case the error index), the observed value of F will be greater than the F -Snedecor distribution, with a sufficiently high confidence level (usually 95%). In this case, the null hypothesis is rejected and it is argued that at least one of the levels of the analyzed factor must affect the response of the system in a different way. The F -ratio test assumes normal populations with equal variance and independent samples. The analysis is sensitive to inequality of variance (heteroscedasticity) when the sample sizes are small and unequal and care should be taken in interpreting the results.
The comparison between the F -ratio and the F -Snedecor distribution is expressed through the significance level (Sig. Level). If this significance level is lower than 0.05 then the corresponding levels of the factor are statistically significant with a confidence level of 95%. The levels of a factor that are not statistically different form a homogeneous group and therefore the choice between the various levels belonging to a given homogeneous group has no significant repercussion on the response. Thus, once we discover that some of the factors involved in the design of an GA do not fulfill the null hypothesis, a study is carried out of the levels of this factor that may be considered statistically nonsignificant, using multiple range test tables for this purpose; these tables describe the homogeneous groups possible for each of the levels of the factor being analyzed.
III. FACTORS CONSIDERED IN THE STATISTICAL ANALYSIS
In the statistical study performed in Section V, the factors considered are the crossover and mutation probabilities, the population size, the number of generations, the type of selection, crossover, and mutation operators, and the type of experiment. Table I gives the different levels considered in each factor when carrying out multifactorial ANOVA (this is not a one-way ANOVA because we considered all the factors simultaneously). Each of these factors has different levels. For example, Roulette Wheel, Elitist Roulette Wheel, and Elitist Selection are the levels considered for the type of selection used for the reproduction process. The response variables used to perform the statistical analysis are maximum and average fitness in the last generation. The changes in the response variables are produced when a new combination of crossover probability, mutation probability, population size, etc. is considered, thus changing the design of the GA.
IV. EXPERIMENTAL SETUP
Since a GA's performance (and its parameters setting) depends on the fitness function being optimized, problems of different types were used (one was combinatory, one was a strategy search, and others were numerical optimization, including multimodal and deceptive functions), in order to study the influence of the various factors on the solution found by the algorithm.
We have selected the following problems: 
V. RESULTS OF THE ANOVA STATISTICAL STUDY
In this section, a statistical study is performed in order to determine the most relevant parameters in a GA design. The dynamics of GAs are analyzed from two viewpoints. The first is to study the best solution found by the system (maximum fitness). The second viewpoint is the diversity within the population of GAs; to examine this, the average fitness was calculated.
A. Analyzing the Best Solution
In this case, we are seeking the best of all the individuals within the last population examined. What really matters is to achieve a good individual during the execution of the algorithm. For this purpose, it is convenient to select the parameters for a broad-based exploration of the search space within the algorithm. Therefore, all the possible configurations of factors used (the crossover and mutation probability, the TABLE II  ANOVA TABLE FOR THE ANALYSIS OF THE MAIN PARAMETER IN THE DESIGN OF A GA FROM THE VIEWPOINT OF THE BEST FITNESS population size, the number of generations, crossover, mutation, and selection operators) are evaluated for each of the different examples. Table II gives the four-way variance analysis for the whole set of problems studied (the function fitness is normalized in the range [0, 1], for comparison of all the examples). The analysis of variance table containing the sum of squares, degrees of freedom, mean square, test statistics, etc., represents the initial analysis in a compact form. This kind of tabular representation is customarily used to set out the results of ANOVA calculations.
As can be seen from Table II , all the different variables analyzed in the statistical process have a significant influence on the evolution of the GA, in terms of the best solution. Note that the selection operator type adopted, the population size and the type of mutation occurring present the greatest statistical relevance because the higher the F -ratio or the smaller the significance level, the greater the relevance of the corresponding factor. The crossover and mutation probabilities and the type of crossover are not so significant, even though several of the levels employed in this study produce statistically different behavior patterns concerning the output variable.
These conclusions are also confirmed by the multiple range tables for the different factors (see Table III ). The multiple range table applies a multiple comparison procedure to determine which means are significantly different. By analyzing the different levels of each of these main factors, it is possible to determine their influence on the characteristics of the GA, enabling levels with the same response repercussion to be grouped homogeneously.
For one of the most significant factors, the selection operator, there exist three homogeneous groups that have no intersection. This means that the behavior of the three operators is different and therefore is statistically significant. Within each column, the levels containing Xs form a group of means within which there are no statistically significant differences. The method currently used to discriminate between the means is Fisher's least significant difference (LSD) procedure. With this method, there is a 5.0% risk of labeling each pair of means as significantly different when the actual difference is zero.
There is a considerable difference between the determinist method and the other two, based on the Roulette Wheel. This is due to the way in which each of the selection methods functions. The deterministic method is the most elitist of the three, due to the way in which it assigns a number of copies in the new population that are directly proportional to the fitness of each individual. As can be seen in Table III, individuals with a high level of fitness survive among the population using the deterministic method; therefore this is the selection operator with the highest value for the Best Fitness. However, as mentioned in [1] , [9] , and [12] , the population of the GA must also possess diversity; otherwise there might occur a premature convergence of the algorithm. With respect to the two Roulette Wheel-based methods, the variation that ensures that at least one copy of the best solution is obtained in the new population produces results that are statistically different from those produced by pure Roulette Wheel; the latter gives better results in terms of the best fitness.
For the population size, five homogenous groups are identified using columns of Xs. Logically, as the number of individuals in the population increases, there is a greater probability that the fitness of the best individual will be higher. It should be noted that several researchers have investigated population size for GAS from different perspectives. Some have provided a theoretical analysis of the optimal population size [3] , [12] . Usually, however, most effort was dedicated to the empirical finding of the "optimal" population size [11] . Also, the relationship between replacement operator and population size was analyzed in [10] . The experimental results presented in Table III corroborate the importance of population size in terms of Best Fitness; nevertheless, as described in the following subsection, for diversity within the population of GAs (average fitness and its standard deviation), there exist more influential factors than population size. Concerning the number of generations, there are four homogeneous groups that are not disjointed, and thus there exist levels of this factor which can be classified within two groups simultaneously. The first of these comprises level 1 (the number of generations is 40% lower than the nominal value) and the last comprises level 5 (an increase of 40%). As can be inferred from these tables, the greater the number of generations or population size, the more possibilities there are of achieving a good individual from the current population, as there exists a greater variety of individuals and these have evolved through several generations. Table III describes the results for the mutation probability, showing three nondisjoint homogeneous groups (some values correspond simultaneously to two homogeneous groups). The levels of this factor are ordered such that the lowest mean LS corresponds to the lowest mutation probability value used (PM1), while the Best Fitness is obtained with a high mutation probability (PM5). The utility of the mutation operator, together with the probability of applying it to the population elements, is that it provides diversity by introducing extra variability into the population. Due to its behavior, the mutation probability is not so significant from the point of view of the Best Fitness, but it is very important BEST FITNESS when the diversity of the GA is analyzed. For the crossover probability, there are four overlapping homogeneous groups. In this case, the probability levels are not totally ordered, although the lowest values of p c produce a lower mean LS value. With respect to the crossover operator, it is clear that there do not exist two nondisjoint groups of the operator type. Therefore, the crossover operators that have been designed present a very similar behavior pattern (one-and two-point crossover).
Regarding the mutation operator, from Table III it is clear that there are two homogeneous groups with no intersection, of which the bitflip-type produces a lower mean LS. The reason for this is to be found in the functioning of the mutation operator. The inversion operator produces a higher average number of changes in the bits among the population elements. This could lead to a greater diversity among the population, although average fitness would be lower; on the other hand, new zones within the search space could be explored, where high fitness solutions might be found.
We also consider the type of experiment performed to be a factor that should be taken into account in statistical analysis. Table III shows there are differences between the various examples, although this factor is not the most relevant in the analysis. As mentioned above, the type of selection, type of mutation, and population size present a higher F -ratio. Nevertheless, it is interesting to analyze the four nondisjoint groups that make up the six levels of the "type of experiment" factor. In the first group, with no intersection with the others, is the Prisoner's dilemma. The second and third groups include the Knapsack, Riolo, and Michalewicz function 1 problems, which do TABLE IV  ANOVA TABLE FOR THE ANALYSIS OF THE MAIN PARAMETER IN THE DESIGN OF A GA FROM THE VIEWPOINT OF THE AVERAGE FITNESS intersect. The final group includes the three minimization functions presented in Michalewicz.
An important analysis that must be carried out is that of the interaction between the main effects considered Table II . Although all the interactions between the factors have been analyzed, the most statistically significant interactions are between the population size and the selection operator, between the number of generations and the selection operator and between the number of generations and the crossover probability.
B. Analyzing the Diversity: The Average Fitness
The methodology employed is the same as that described in the previous subsection. In this case, we are calculating the average fitness of all the individuals within the last population examined. Table IV gives variance analysis for the average fitness.
The type of selection operators, the mutation probability and type, and the number of generations present the greatest statistical relevance. On analyzing the selection operator in the multiple range test table for the average fitness (see Table V ), we find that the determinist selection operator presents the highest mean, while the Roulette Wheel produces the lowest. The reason for this is that the Roulette Wheel operator produces the greatest diversification in the GA solutions. Despite the fact that the likelihood of the number of copies of each solution is directly proportional to their fitness, due to the randomness of the process, the number of copies obtained may vary considerably, thus increasing the diversity of the population and reducing average fitness. Nevertheless, the determinist algorithm presents the highest Average Fitness values.
When we analyze the mutation probability factor, it is important to note that the different levels of this parameter produce five disjoint sets; thus it is highly relevant to a study of Average Fitness. The lowest mean value is found with the highest mutation probability (PM5); obviously, this is due to the fact that the latter is associated with diversity among the population, with low fitness individuals lowering the Average Fitness value. Table V shows that the levels of this factor are ordered from highest probability (lowest mean LS) to lowest probability (highest mean LS). It should be noted that the mutation probability is a determining factor in the evolution of the GA in terms of diversity (average and standard deviation), because its function is to explore new areas within the search space by carrying out random changes within the chains of bits.
Regarding the mutation operator, inversion or specular reflection produces a greater number of changes in the bits of the individuals comprising the population, which could result in greater diversity and thus a lower average fitness value than the bit-flip mutation operator.
As expected, when the number of generations increased, so did the average fitness. In this case, the different levels of this factor are ordered from lowest to highest. Of the other factors analyzed, it is noteworthy that population size is not such a relevant factor in average fitness, as it was in best fitness, because the former is obtained for the total number of individuals in the final generation and, statistically, this mean is very similar for the different population sizes tested. Nevertheless, when the population size is very large (POP5), there exists the possibility of exploring a greater number of regions within the input space, although some of these will present a small fitness value. This would result in a decrease in Average Fitness (in Table V , for POP5 the increase of 40% presents the lowest mean LS, and the different levels are ordered from highest to lowest).
Finally, the factors with least influence on population diversity are the type of crossover used and the application probability. For the Crossover Probability factor, there are two groups with a high degree of intersection. This means that the choice between different crossover probabilities does not greatly alter the behavior of the GA with respect to diversity. It should be noted that, on the contrary to the other factors analyzed, the levels of p c are not perfectly ordered, although there does exist a tendency for a lower probability of the latter to be associated with a probability of higher Average Fitness in the final population. With regard to the type of crossover, just as with Best Fitness, there do not exist two nondisjoint groups of the crossover type and the operators that have been designed present a very similar behavior pattern.
VI. CONCLUSION
A statistical study of the different parameters involved in the design of a GA has been carried out by using the analysis of variance (ANOVA), which consists of a set of statistical techniques that analyze and compare experiments by describing the interactions and interrelations between either the quantitative or qualitative variables (called factors in this context) of the system. The motivation of the present statistical study lies in the great variety of alternatives that a designer has to take into account when designing a GA. Thus, instead of relying on intuitive knowledge, it is necessary to gain a more precise understanding of the significance of the different alternatives and their interaction. For example, the selection operator, the number of generations, the mutation probability, and the size of the population within a GA are factors of great importance for the dynamics and quality of the convergence of a system. However, determining these parameters for a particular problem is still an open question, and it is also necessary to bear in mind the impact of the experimental setup on the conclusions derived. It is also important not to isolate or eliminate the different interactions of each of the above factors with the others. In summary, it would be of great interest to perform an analysis of the influence of modifying the main factor involved in the design of the GA, while simultaneously taking into account all the other parameters (application probabilities of the genetic operators, type of selection, mutation, and crossover operators, number of generations, and population size). The methodology based on ANOVA makes it possible to classify different configurations (here called levels) that can be used for given factors. Thus it is possible to obtain homogeneous groups of levels with similar characteristics.
One of the goals of this study was to analyze the dynamics of GAs when confronted with modifications to the principal parameters that define them, taking into account the two main characteristics of GAs; their exploration and exploitation capacity. Therefore, the dynamics of GAs have been analyzed from two viewpoints. We studied the best solution found by the system, to observe its ability to obtain a local or global optimum. The second viewpoint is the diversity within the population of GAs; to examine this, the average fitness was calculated. For the first viewpoint, the most important factors were selection operator, type of mutation, the population size, and the number of generations. It is noteworthy that the type of crossover factor (one point/two points) produces practically identical results, although the application probability (p c ) does present statistically significant differences in the evolution of the GA from the perspective of Best Fitness. Regarding the diversity of the population in the final generations, analysis of the average fitness revealed that the most important factors are the selection and mutation operators and the mutation probability.
